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Abstract. Using symbolic Gaussian elimination we show that the Er-
godic theorem for Markov chains is in fact a variant of the Matrix Tree
theorem. This approach also provides insight into complexity issues re-
garding both theorems.

1 Motivation

Tarski’s theorem on quantifier elimination provides the foundation for a main
direction of automated theorem proving systems. In that respect it is a most
powerful meta theorem, as it states that every theorem in elementary algebra
and geometry can be proven by a single algorithm: quantifier (variable) elimina-
tion. However the inherent complexity of the algorithm imposes severe limita-
tions to its systematic practical use. It was remarked in [3] that Tarski’s result
could nevertheless be used fruitfully for another type of theorem proving, called
Qualitative Theorem proving. Instead of focusing on the constructive aspects of
elimination, which lead to results of unmanageable size, one focuses on qualita-
tive aspects of the results. As a consequence strikingly simple proofs of major
theorems on the geometry of polytopes were found using solely elimination.
(Gaussian elimination and Fourier/Motzkin elimination are particular instances
of Tarski’s elimination reduced to the linear case).

Here we look at another possible use of symbolic computation to prove the-
orems “by hand”. We selected the Ergodic theorem of Markov Chains, it is a
fundamental theorem in probability theory [10], and its proof makes use of prin-
cipal eigenvectors and some topology to establish convergence and uniqueness
of solution. One moves from state to state according to transitions probabilities,
and the theorem aims at finding the probabilities of being in the various states
after a certain length of time. It was interesting to see if we could prove it using
solely Gaussian elimination. Running Maple [9] to generate a few examples, led
us to conjecture the existence of a closed form symbolic solution. The size of the
solution is indeed unmanageable, but we could characterize it simply in terms of
spanning trees of the underlying Markov graph. We prove existence and unicity
of the solution using (symbolic) Gaussian elimination, which was our initial aim,
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but we also have a combinatorial insight on the probabilities. Namely the prob-
ability to be in a state s increases with the number and weights of the reverse
spanning trees having s as a root.

We can now see the Ergodic Theorem as a method to give us, for all states,
the ratio of the number of reverse spanning trees having this state as a root and
the total number of reverse spanning trees. But this is a variant of a fundamental
theorem of Combinatorics , the Matrix Tree theorem, due to Kirchhoff [7], which
gives the number of (reverse) spanning trees having a given root as the value of
a determinant.

Applying once the Ergodic theorem we compute all ratios, applying the Ma-
trix Tree theorem we compute the number for one vertex. From these we can
compute the number of spanning trees for all vertices with two Gaussian elimina-
tions, rather than n (number of vertices) if we applied the Matrix Tree theorem
for each vertex.

We therefore claim three contributions: the first is a further validation of
the claim that Tarski/Gauss/Fourier elimination can provide strikingly simpler
and insightful proofs of major theorems. The second is the discovery that two
fundamental theorems, one in probability and one in combinatorics are in fact
essentially the same. The third contribution is a complexity result regarding the
computation of number of spanning trees and the computation of steady state
probability in a Markov Chain.

In the next section we discuss our versions of the Ergodic theorem and the
Matrix Tree theorem and their implications. The third section contains the key
lemma which has the essence of the common proof to both theorems. In the last
section we prove the redundancy of the positivity constraints and the uniqueness
of solution.

Both the Ergodic theorem and the Matrix Tree theorem are classical and can
be found in standard texts in probability and combinatorics. We refer the reader
to the notes [6] and the books [4, 5, 12] for background information.

2 The Ergodic Theorem and the Matrix Tree Theorem
Revisited

A Markov chain is an exploration of a state space with the motion from one state
to another being controlled by a set of transition probabilities. The Ergodic the-
orem forms the foundation of the theory of Markov chains [8, 10, 13]. It analyzes
the steady state behavior of a Markov chain and lays down the conditions for
the existence of a steady state solution to the probabilities of individual states.
There are several versions of the Ergodic theorem and each one uses its own set
of conditions under which a unique stationary solution exists. One such version
of the Ergodic theorem states that “Any irreducible, finite, aperiodic Markov
chain has all states Ergodic (reachable at any time in future) and has a unique
stationary distribution, which is a probability vector.” [6, 12]
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The transition probabilities of a Markov chain form the transition matrix,
symbolized by M = [pij ], where pij is the probability of transition from state i
to state j.

Definition 1. A stochastic system is a system of constraints: MT X = X,∑
xi = 1 and xi ≥ 0, where M is a transition matrix.

Construct a weighted digraph associated to the stochastic system, the stochas-
tic digraph. The vertices represent the states and correspond to the variables,
and there is an edge between each pair of vertices as well as a self-loop for each
vertex. The transition probabilities are the weights of the edges of this digraph.
The stochastic digraph is a complete digraph.

The graph of a Markov chain is a sub-graph of the stochastic digraph. It is
the stochastic digraph without the zero weight edges.

An equation of the system is:

p1ix1 + p2ix2 + p3ix3 + . . . + pnixn = xi = xi(pi1 + pi2 + pi3 + . . . + pin)

Informally, this left hand side of the equation represents “the flow” going out
of a state while the right hand side represents “the flow” entering the state. Thus
the system expresses a law of conservation for the long term state probabilities of
a Markov chain. Observed for a sufficiently long time the probability of “getting
into” any state is equal to the probability of “getting out” of it. The same
conservation concept is used in Kirchhoff’s laws of electricity and in the theory
of networks. This leads us to a slightly generalized system of constraints.

Definition 2. A conservation system for a matrix C=[cij ] where ∀i∀j, cij ≥ 0
and a diagonal matrix D=[dij ], is the system of constraints: CT X = DX, dii =∑

j cij,
∑

xi = 1 and xi ≥ 0.

The graph of a conservation system without the zero weight edges is referred to
as the conservation digraph. A stochastic system is a conservation system with
D = I (Identity matrix).

Kirchhoff’s Matrix Tree theorem is a fundamental tool in combinatorial the-
ory [7]. It gives a method for evaluating the number of spanning trees in a graph.
According to this theorem, “For an n-vertex digraph, define an n×n matrix A
such that A[i,j] = 1 if there is an edge from i to j, for all i 6= j, and the diagonal
entries are such that the row sums are 0. Let A(k) be the matrix obtained from
A by deleting row k and column k. Then the absolute value of the determinant
of A(k) is the number of spanning trees rooted at k (edges directed towards ver-
tex k)” [1, 2, 4, 5, 11] Thus A-D is the matrix which appears in the matrix tree
theorem, where A is the adjacency matrix and D is the diagonal degree matrix.

A corresponds to the matrix C and D to the diagonal matrix of a conservation
system. Thus the system of constraints: AT X = DX, xi ≥ 0, and

∑
xi = 1 form

a conservation system.
We will now state our main results, the proofs will be given in the following

sections.
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Definition 3. A reverse spanning tree is a spanning tree whose edges’ direction
has been reversed.

A reverse spanning tree of root r will be represented by the symbol Tr.

Definition 4. The weight of a reverse spanning tree is obtained by multiplying
all the transition probabilities associated to the edges of the reverse spanning tree.

W(r) represents the sum of the weights of all reverse spanning trees with root r.

2.1 Ergodic Theorem revisited

If there exists a reverse spanning tree in the graph of the Markov chain associated
to a stochastic system, then:

(a) the stochastic system admits the following probability vector as a solution:

{xi =
W (i)∑
j W (j)

}i=1,n

(b) the solution is unique.
(c) the conditions {xi ≥ 0}i=1,n are redundant and the solution can be computed
by Gaussian elimination.

This is clearly a formulation of the Ergodic theorem for Markov chains which
differs from the standard ones in the following ways:

The requirement that the graph of the Markov chain contains a reverse span-
ning tree covers various cases such as strongly connected, cycles, irreducible, and
aperiodic found in the other formulations. It is also in a sense relevant to the
goal of having solutions independent of the starting point of a random walk.
Indeed it is easy to see that if the graph does not contain a reverse spanning
tree, there will be several disconnected strongly-connected subgraphs and the
long-term behavior of the random walk will depend on its starting point.

Another difference is interesting from a complexity point of view. The re-
alization that the positivity conditions are redundant allows us to transform a
linear programming problem into one of Gaussian elimination.

But the most striking difference comes from the fact that the probabilities
are linked to numbers of reverse spanning trees in the Markov graph. So the
Ergodic theorem can be reworded as a variant of the Matrix Tree theorem.

2.2 Matrix Tree Theorem revisited

If there exists a reverse spanning tree in a graph, then the ratios {xi}i=1,n of the
number of reverse spanning trees with node i as their root to the total number
of reverse spanning trees can be computed by solving the system AT X = DX,∑

xi = 1, where A is the adjacency matrix and D the diagonal degree matrix.
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It is a variant because the Matrix Tree theorem requires the computation
of one determinant per root, while the variant computes all ratios of counts
of spanning trees with one Gaussian elimination. So, in combination with the
matrix tree theorem we can compute the number of spanning trees for all roots
in just two Gaussian eliminations.

3 Symbolic Solution of a Conservation System

Definition 5. The symbolic valuation of a reverse spanning tree is the symbolic
product of the weights of the edges that belong to the tree.

The sum of the symbolic valuations of all possible spanning trees with root
r is represented by SV(r).

Lemma 1. A symbolic solution of CT X = DX, dii =
∑

j cij, and
∑

xi = 1 is

{xi =
SV (i)∑
j SV (j)

}i=1,n

Proof:
The linear system is:

c11x1 + c21x2 + c31x3 + . . . + cn1xn = x1(c11 + c12 + c13 + . . . + c1n)
c12x1 + c22x2 + c32x3 + . . . + cn2xn = x2(c21 + c22 + c23 + . . . + c2n)
c13x1 + c23x2 + c33x3 + . . . + cn3xn = x3(c31 + c32 + c33 + . . . + c3n)

...

c1kx1 + c2kx2 + c3kx3 + . . . + cnkxn = xk(ck1 + ck2 + ck3 + . . . + ckn) (1)

...
c1nx1 + c2nx2 + c3nx3 + . . . + cnnxn = xn(cn1 + cn2 + cn3 + . . . + cnn)

an the normalizing equation is:

x1 + x2 + x3 + . . . + xn = 1 (2)

Let us replace the xi by their proposed symbolic value in the system of
equations:

{xi =
SV (i)∑
j SV (j)

}i=1,n
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Equation (2) is trivially verified and equation (1) yields:∑
r

crkSV (r) =
∑

l

cklSV (k) (3)

∑
r crkSV (r) on the left hand side of (3) corresponds to all the reverse span-

ning tree with r’s as their roots and with an additional edge rk (directed from
r to k) i.e. {Tr

⋃
rk}r=1,n. Let us take one of these digraphs say G. The other

state connected to k by an edge and leading towards the root r in G is denoted
by l. G can also be thought of as representing a tree with k as the root and
with an additional edge kl which is an element of {Tk

⋃
kl}l=1,n. By construc-

tion the transformation is clearly a bijection between the set {Tr

⋃
rk}r=1,n and

{Tk

⋃
kl}i=1,l. Hence the proposed solution satisfies the system of equations.

If we set D=I making C a transition matrix, we obtain a symbolic stochastic
system and we have as an immediate corollary a non-symbolic version of the
lemma.

Corollary 1. The probability vector {xi = W (i)∑
j

W (j)
}i=1,n is a solution of the

system MT X = X and
∑

xi = 1 if there exists a reverse spanning tree in the
graph of the Markov chain.

4 Uniqueness and Complexity

The proofs of the Ergodic theorem usually start from a previous result, the
Chapman Kolmogorov equations, which compute a probability vector at time
t+1 as the product by MT of the probability vector at time t. Repeating this
operation leads us, in general, to an eigen vector of the matrix MT , satisfying
the equation MT X = X. But two problems arise: proving convergence as some
cases, like circular Markov chains, do not converge and have to be treated as sep-
arate cases. And the other problem is uniqueness of the solution, which requires
further mathematical machinery or restrictive hypotheses. In our approach these
problems are removed, because of the requirement that the graph contains a re-
verse spanning tree. A slight generalization gives us the result for the variant of
the Matrix Tree theorem.

Proposition 1. The positivity condition in a conservation system is redundant
if there exists a reverse spanning tree in the conservation digraph.

Proof:
Let us assume without loss of generality that x1 is negative. We know that,
c21x2 + c31x3 + c41x4 + . . . = (c12 + c13 + c14 + . . .)x1

Since the right hand side is negative some of the variables on the left hand
side also have to be negative. Let us assume that x2, x3, . . . , xk are negative and
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xk+1, . . . , xn are non-negative (because
∑

xi = 1 and all the variables cannot
have negative values). Thus we have,

c21x2 + c31x3 + ...ck1xk ≤ (c12 + c13 + ...c1n)x1

Similarly from the rest of the equations of the conservation system with neg-
ative variables on the right hand side we get,

c12x1 + c32x3 + . . . + ck2xk ≤ (c21 + c23 + . . . + c2n)x2

. . .
c1kx1+c2kx2+. . .+c(k−1)kxk−1 ≤ (ck1+ck2+. . .+ck(k−1)+ck(k+1)+. . .+ckn)xk

From which we derive,

0 ≤ [c1(k+1) + c1(k+2) + . . . + c1n]x1 + [c2(k+1) + c2(k+2) + . . . + c2n]x2 + . . . +
[ck(k+1) + ck(k+2) + . . . + ckn]xk

Similarly adding up the inequalities from the equations with the positive vari-
ables on the right hand side we get,

0 ≥ [c(k+1)1+c(k+1)2+. . .+c(k+1)k]x(k+1)+[c(k+2)1+c(k+2)2+. . .+c(k+2)k]x(k+2)+
. . . + [cn1 + cn2 + . . . + cnk]xn

The two inequations above are satisfied if and only if all the transition probabil-
ities mentioned on the right hand side are zero. This means that there cannot
exist an edge between a state with negative(positive) probability and a state
with positive(negative) probability. This is impossible because there exists a re-
verse spanning tree in the conservation digraph. The assumption that there are
negative variables in the solution to a conservation system does not hold.

Corollary 2. A conservation system admits a unique solution, if there exists a
reverse spanning tree in the graph of the associated Markov chain.

Proof:
The set of solutions to a conservation system is bounded. Since there exists a re-
verse spanning tree we know that the system is solvable and that the conditions
{xi ≥ 0}i=1,n are redundant. So, we have a non-empty bounded intersection of
hyperplanes. This can happen only if they intersect in exactly one point.

As a consequence the solution to a conservation system can be computed by
Gaussian elimination.
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